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Abstract—Antenna efficiency is one of the most important
figures-of-merit of a radio telescope, even for a multibeam radio
telescope. To analyze a system where each beam illuminates
only a part of the aperture, a lossless antenna consisting of two
apertures in series is considered in the frame of the scalar wave
approximation. We found that its antenna efficiency is factorized
into three factors: efficiencies of beam coupling, transmission
spillover, and reception spillover. We numerically confirmed our
factorization with an optical simulation. The factorization is
applicable to general aperture-type antennas and is useful in
design of multibeam radio telescopes.
Index Terms—Aperture efficiency, Antenna efficiency, Multi-
beam antennas, Telescopes, Radio astronomy.
I. INTRODUCTION
A radio telescope is a directional antenna dedicated to ob-
serving extremely weak signals which come from the universe.
Radio telescopes with a single beam have been developed well
so far and the theory describing a single-beam radio telescope
is well-established. It enables us to design a single-beam
telescope with a finer beam shape, wider frequency range,
and higher sensitivity. Radio astronomers and astrophysicists,
however, are now eager to survey a large area of the sky, e.g.
[1]–[3], and make a statistically significant study, e.g. [4]–
[6]. These demands lead us to develop multibeam telescopes
equipped with detector arrays with a large number of pixels.
Aperture efficiency, or the antenna efficiency of an aperture-
type antenna [7], is one of the most important properties of a
radio telescope [8]. It is known to be related to the aperture
shape and illumination (e.g [9]–[12]) and is decomposed
into the product of the spillover efficiency and the aperture
illumination efficiency [13]. This factorization works well
for a single-beam telescope. If a fundamental-mode Gaussian
beam is employed for an axisymmetric telescope, the spillover
efficiency and the aperture illumination efficiency is a function
of the illumination edge taper [14] and it is easy to calculate
them by hand. This easiness can be partly attributed to the fact
that each diameter of optical component peripheries can be ad-
justed to the beam size at its position. For a multibeam system,
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however, we cannot adjust the sizes of optical components for
one specific beam anymore. In addition, to avoid picking up
the radiation from the ground and the telescope housing, a
practical system has a primary mirror large enough to cover
all the beams from the feeds. This means that only a part of
the antenna aperture is illuminated by each beam, which cause
a decrease of the aperture illumination efficiency. We call such
a situation “under-illumination” hereafter. Since the aperture
illumination efficiency is reduced by tapered illumination and
under-illumination, it is useful to introduce a quantity which
can assess the effect of under-illumination.
The reciprocity of an antenna enables us to evaluate the
antenna properties either in the transmitting or receiving
mode. The radiation efficiency and the aperture illumination
efficiency, which are related to the illumination pattern of the
aperture plane by the feed beam, have a clear meaning in the
transmitting mode. In the receiving mode, we can consider
the coupling between the feed beam and the beam of the
incident radiation determined by the antenna aperture at an
arbitrary position in the system, based on the reciprocity. This
fact suggests that the incident beam may be spilled over in the
system, and that we can choose the position to evaluate the
quality of the beam coupling.
In this paper, we will unveil that the aperture illumination
efficiency can be factorized into the beam coupling effi-
ciency [15] and the spillover efficiency of incident beam. We
also show that the aperture efficiency can be written as the
product of the beam coupling efficiency and two spillover
efficiencies. In section II, we begin with the definition of
the antenna efficiency [7] to consider a dual-reflector antenna,
and derive an expression of the aperture efficiency in terms
of the aperture field distribution which is applicable to the
case of oblique incidence. Then it turns out that the antenna
efficiency intrinsically involves beam coupling. In section
III, the consideration of the same dual-reflector system as a
receiving one leads us to the concept of reception spillover.
The antenna efficiency is factorized into the efficiencies of
beam coupling and two kinds of spillover. We verify the
factorization with numerical simulation in Section IV, which is
followed by some discussion on the new factor, its relation to
the pupils, and the application of the factorization to antenna
design in Section V.
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2Fig. 1. Antenna with two apertures in series. When the feed is on the telescope
axis, the feed and its beam are called ‘on-axis’. Otherwise they are called ‘off-
axis’.
II. ANTENNA EFFICIENCY OF ANTENNA WITH TWO
APERTURES IN SERIES
Radio telescopes typically have a large reflector to achieve
high directivity and a beam waveguide to couple the incident
radiation to the feed. Most radio telescopes employ a dual-
reflector antenna such as Cassegrain, Gregorian, and Dragone
telescope [16], [17], which is sometimes followed by an
additional optical system. Thus, we focus on the dual-reflector
antenna. If a telescope is composed of more than three mirrors,
the discussion below can be applied easily.
Each reflector can be regarded as a combination of an
equivalent aperture and lens, and the dual-reflector system
can be regarded as an antenna with two apertures in series
(Fig. 1). To be precise, an equivalent aperture can be specified
for each mirror, which is included in the aperture plane
perpendicular to the telescope axis. The equivalent apertures
of the primary and secondary mirrors are labeled as A1 and
A2, respectively, and their corresponding aperture planes are
P1 and P2, respectively. The equivalent lens of a mirror
represents the phase modification by the mirror. We assume
that the components are passive, linear, and lossless, and that
the reflectors are much larger than the operation wavelength
and work as an ideal one-way beam waveguide. We assume a
perfect polarization match for simplicity.
The system works as a transmitting antenna when the
antenna is equipped with a transmitter at its port as shown
in Fig. 2 (a). We first summarize some antenna properties in
the IEEE standard [7]. The antenna efficiency of this antenna
is
ηant := Aeff/|A1|, (1)
where Aeff is the effective aperture area of the antenna and
|A1| is the area of A1. The effective aperture area satisfies
the fundamental relation of a reciprocal antenna operating at
wavelength λ,
ηradDpk =
4pi
λ2
Aeff , (2)
where ηrad is the radiation efficiency and Dpk is the peak
directivity. The standard directivity of the system is
Dstd =
4pi
λ2
|A1|. (3)
Dividing (2) by (3) gives the relation:
ηant = ηradηill, (4)
Fig. 2. Antenna with two apertures in operation. (a) transmission. (b)
reception.
where
ηill := Dpk/Dstd (5)
is the aperture illumination efficiency of this antenna.
The directivity can be written with the field distribution on
A1 explicitly. For an on-axis feed, whose electrical boresight
is perpendicular to A1, the expression is as follows [18],
Dpk =
4pi
λ2
∣∣∣∫A1 u←(p)d2p∣∣∣2∫
A1
|u←(p)|2d2p , (6)
where u←(p) is the complex electric field at position p
excited by the transmitting antenna with the scalar wave
approximation. Thus, the aperture illumination efficiency (5)
for the on-axis feed is written as
ηill =
1
|A1|
∣∣∣∫A1 u←(p)d2p∣∣∣2∫
A1
|u←(p)|2d2p . (7)
The expression (7) relates to the coupling between the incident
wave and the beam from the feed [15]. Let u→ be the complex
electric field excited by a uniform plane wave incoming from
the electrical boresight. The beam coupling efficiency between
u→ and u← at A1 is defined as
ηbcp,1 :=
∣∣∣∫A1 u→(p)u←(p)d2p∣∣∣2∫
A1
|u→(p)|2d2p ·
∫
A1
|u←(p)|2d2p . (8)
The beam coupling efficiency introduced here is an equivalent
in scalar wave to the coupling efficiency between the incident
beam and the feed pattern in [19]. When the direction of u→
is perpendicular to A1, the right-hand side of (8) reduces to
(7) because u→(p) is a constant over A1.
Since we need to deal with both on-axis and off-axis feeds
of a multibeam telescope, we will consider the case where the
electrical boresight of a feed is not necessarily perpendicular to
A1. We take the equivalent aperture perpendicular to the elec-
trical boresight, A′1, so that the directivity can be calculated
with the expression based on (6) by replacing A1 with A′1.
3The standard directivity and aperture illumination efficiency
with respect to A′1 are D
′
std = 4pi|A′1|/λ2 and
η′ill :=
Dpk
D′std
=
1
|A′1|
∣∣∣∫A′1 u←(p′)d2p′∣∣∣2∫
A′1
|u←(p′)|2d2p′ , (9)
respectively. These quantities on A1 and A′1 are related by the
following equations:
Dstd = D
′
std/ cos θ and ηill = η
′
ill cos θ, (10)
where θ is the angle between the electrical boresight and the
reference boresight, since |A′1| = |A1| cos θ. The aperture illu-
mination efficiency on A′1 equals the beam coupling efficiency
between u→ and u← at A′1,
ηbcp,1′ :=
∣∣∣∫A′1 u→(p′)u←(p′)d2p′∣∣∣2∫
A′1
|u→(p′)|2d2p′ ·
∫
A′1
|u←(p′)|2d2p′ . (11)
The value of ηbcp,1′ can be approximated by ηbcp,1 when
|θ|  1 because the correspondence between position p in
A1 and p′ in A′1 gives cos θd
2p = d2p′ and
|u→(p)|2 = |u→(p′)|2,
|u←(p)|2 = |u←(p′)|2,
u→(p)u←(p) = u→(p′)u←(p′).
(12)
These equations come from the fact that the position depen-
dence of |u→| and |u←| are weak and that u→ and u← have
almost the same wavefront shape propagating in directions
opposite to each other. Under this approximation the equation
ηbcp,1 = ηbcp,1′ can be obtained from (8) and (11). Then the
aperture illumination efficiency on A1 can be expressed in
terms of the field distribution over A1,
ηill = ηbcp,1 cos θ. (13)
That is, the aperture illumination efficiency is the product
of the beam coupling efficiency at the first aperture and the
inclination factor cos θ.
The power radiated by the feed is spilled over at the
second and first apertures. We call this spillover ‘transmission
spillover’ to distinguish it from another kind of spillover
described in §III. The transmission spillover efficiencies at
these apertures are given by
ηsp,2←tx :=
∫
A′2
|u←(p′)|2d2p′∫
P ′2
|u←(p′)|2d2p′ =
∫
A2
|u←(p)|2d2p∫
P2
|u←(p)|2d2p , (14)
ηsp,1←2 :=
∫
A′1
|u←(p′)|2d2p′∫
P ′1
|u←(p′)|2d2p′ =
∫
A1
|u←(p)|2d2p∫
P1
|u←(p)|2d2p , (15)
respectively, where A′2 is the equivalent aperture of the sec-
ondary mirror perpendicular to the feed’s beam axis corre-
sponding to the electrical boresight. The middle expression
of these equations represents the exact power ratio while the
right-hand side follows under the approximation same as (12).
The total transmission spillover efficiency, which includes
spillover at both apertures, can be defined as
ηsp,1←tx := ηsp,1←2ηsp,2←tx =
∫
A′1
|u←(p′)|2d2p′∫
P ′2
|u←(p′)|2d2p′ . (16)
Here we used the conservation of the beam total power,∫
P ′1
|u←(p′)|2d2p′ =
∫
A′2
|u←(p′)|2d2p′. Since the compo-
nents are lossless, the radiation efficiency of the antenna equals
the total transmission spillover efficiency,
ηrad = ηsp,1←tx. (17)
Thus, the antenna efficiency of this system is expressed as
ηant = ηsp,1←2ηsp,2←txηbcp,1 cos θ. (18)
In this factorization, the aperture illumination efficiency and
the beam coupling efficiency on the first aperture take into
account the effect of the electric field mismatch between the
feed and a uniform plane wave, which includes both the
illumination taper and the under-illumination.
III. RECEIVING SPILLOVER
When the antenna is equipped with a receiver at its port,
the system works as a receiving antenna, as shown in Fig. 2
(b). The power of the uniform plane wave entering the system
is defined by the first aperture. The wave diffracted by A1
propagates to P2 and a portion of its power passes through A2.
This power loss can be regarded as a spillover of the radiation
entering the system and we call it ‘reception spillover’. We
can define an efficiency of the reception spillover at the second
aperture as
ηsp,1→2 := ηsp,1′→2 · ηsp,1→1′ =
∫
A′2
|u→(p′)|2d2p′∫
A1
|u→(p)|2d2p , (19)
where
ηsp,1′→2 :=
∫
A′2
|u→(p′)|2d2p′∫
P ′2
|u→(p′)|2d2p′ =
∫
A2
|u→(p)|2d2p∫
P2
|u→(p)|2d2p , (20)
ηsp,1→1′ :=
∫
A′1
|u→(p′)|2d2p′∫
A1
|u→(p)|2d2p =
|A′1|
|A1| = cos θ. (21)
The first factor ηsp,1′→2 is the ratio of the power passing
through A2 to the power reached to P2, similar to (14) and
(15). The second factor ηsp,1→1′ is the ratio of the power
passing through the first aperture for the off-axis beam to that
for the on-axis beam and can be regarded as the efficiency
of reception spillover at A′1 with respect to A1. To obtain the
right-hand side of (19), the conservation of the beam total
power
∫
P ′2
|u→(p′)|2d2p′ =
∫
A′1
|u→(p′)|2d2p′ is used.
We can define the beam coupling efficiency between u→
and u← at the second aperture similar to (8) and (11),
ηbcp,2 :=
∣∣∣∫A2 u→(p)u←(p)d2p∣∣∣2∫
A2
|u→(p)|2d2p ·
∫
A2
|u←(p)|2d2p (22)
ηbcp,2′ :=
∣∣∣∫A′2 u→(p′)u←(p′)d2p′∣∣∣2∫
A′2
|u→(p′)|2d2p′ ·
∫
A′2
|u←(p′)|2d2p′ , (23)
respectively. Note that the fields u→ and u← are not necessar-
ily a plane wave. With the same argument done for ηbcp,1 and
ηbcp,1′ in §II, we can obtain ηbcp,2 = ηbcp,2′ . The numerators
4of (11) and (23) are equal as a result of the beam coupling
theorem applied to A′1 and A
′
2 (See Appendix),∫
A′1
u→(p′)u←(p′)d2p′ =
∫
A′2
u→(p′)u←(p′)d2p′. (24)
Then, we can obtain the following identity from (11), (15),
(20), (23), (24), and the beam total power conservation,
ηbcp,1 · ηsp,1←2 = ηsp,1′→2 · ηbcp,2. (25)
Now we can factorize the antenna efficiency with the reception
spillover efficiency, by substituting (25) into (18): ηant =
ηsp,1′→2 · ηbcp,2 · ηsp,2←tx cos θ. The inclination factor cos θ
can be regarded as the reception spillover efficiency ηsp,1→1′
and the following expression is obtained:
ηant = ηsp,1→2 · ηbcp,2 · ηsp,2←tx. (26)
That is, the antenna efficiency is the product of three efficien-
cies of reception spillover, beam coupling, and transmission
spillover evaluated at the second aperture. The same factor-
ization evaluated at the first aperture is obtained from (18)
directly,
ηant = ηsp,1→1′ · ηbcp,1 · ηsp,1←tx. (27)
This gives a new interpretation of (13) that the illumination
efficiency is the product of the beam coupling efficiency and
the reception spillover efficiency:
ηill = ηsp,1→1′ · ηbcp,1. (28)
The relation between ηill and ηbcp,2 is obtained by dividing
(26) by (17),
ηill = ηsp,1→2 · ηbcp,2/ηsp,1←2. (29)
IV. VERIFICATION
We verify our factorization (26), (27), (28), and (29) nu-
merically which allow evaluation of the antenna efficiency
and the aperture illumination efficiency with a beam coupling
efficiency, with simple telescope models as a demonstration.
We calculate the efficiencies using the field distribution on
mirrors based on physical optics, and compare them with the
efficiencies obtained directly from the definition (1) and (5).
The operation frequency of the telescope models was set to
300 GHz.
A. Example: Gregorian telescope models
We prepared three models of the axisymmetric Gregorian
telescope: 1) telescope with a single beam, 2) telescope whose
pupil is located at the primary mirror, and 3) telescope whose
pupil is located at the secondary mirror. The diameters of
the primary mirrors were set to 300 mm to keep the same
standard directivity (59.491 dBi). Other common geometrical
parameters are shown in Table I. The difference among the
models lies in the secondary mirror size, which results in
the different sizes of the pupils, as shown in Table II. The
secondary mirror sizes were determined with ray-tracing to
transmit the rays reflected at the primary for Model 1 and
to transmit the rays through the pupil to provide a 1-degree
field-of-view for Models 2 and 3. Figure 3 shows Model 2
TABLE I
COMMON PARAMETERS OF TELESCOPE MODELS
Radius of Conic Distance to
curvature constant next surface
[mm] – [mm]
Primary −800 −1 −500
Secondary 160 −0.36 400
Focal plane 200 0 –
TABLE II
DIAMETERS OF ELEMENTS IN GREGORIAN TELESCOPE MODELS
Primary Secondary Entrance Exit
Mirror Mirror Pupil Pupil
Model [mm] [mm] [mm] [mm]
1) Single beam 300 74.4 - -
2) Pupil at primary 300 92.0 300 57.3
3) Pupil at secondary 300 57.5 230.5 57.5
as an example. The feeds were put on the system axis for all
models, and a 1-degree off-axis position for Models 2 and 3.
Thus, we have 5 cases to consider (cf. Table III). The beam
waists were placed so that the radius of curvature of the beam
wavefront at the secondary mirror become identical with that
of the secondary mirror.
To determine the antenna properties and the field distribu-
tion on the mirrors for the five cases we used the physical
optics (PO) simulation software GRASP [20]. The telescope
for each case in the PO simulation was operated in both
transmitting and receiving modes, where the blocking by the
secondary mirror and the feed is ignored for simplicity. A
uniform plane wave entered the telescope from the electrical
boresight for the receiving mode while a fundamental-mode
Gaussian beam was emitted by the feed for the transmitting
mode. We set the Gaussian beam size for all cases so that the
edge taper of the secondary mirror (Model 1) or the exit pupil
(Models 2 and 3), Te, is 13 dB.
The antenna properties determined with the PO simulation
in the transmitting mode are shown in Table III. The trans-
mission spillover efficiencies including the radiation efficiency
equal to ηsp,1←tx are derived from the power radiated by the
feed and the power entering the corresponding mirror. The
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Fig. 3. The optical design for the Gregorian telescope whose pupil is located at
the primary mirror (Model 2). The vertical dashed-dotted line at z ≈ 200mm
represents the exit pupil of this system.
5peak directivity and the effective aperture area are derived
from the peak gain. The fiducial illumination antenna effi-
ciency ηill and the fiducial antenna efficiency ηant are given
by (5) and (1), respectively. We can confirm that the values
in Table III satisfy (4). The ηsp,1←2 values of Model 3 are
almost unity since the feed beam truncated by the secondary
mirror is fully covered by the primary mirror and the loss is
due to higher-order diffraction. The conventional formula for
the spillover efficiency and the taper efficiency [14], [21] gives
ηsp = 1− e−2α ≈ 0.94988, (30)
ηtap =
2 (1− e−α)2
α (1− e−2α) ≈ 0.84742, (31)
respectively, where α = (Te ln 10)/20 ≈ 1.4967 is the beam
truncation parameter. The ηrad values in Table III are close
to the value in (30). The ηill values of Models 1 and 2
are close to the value in (31) while those of Model 3 are
significantly smaller than it. This indicates that the under-
illumination occurs in Model 3 as expected. The values in
Table III are a reference for the discussion in the next section.
B. Factors with beam coupling efficiency
We calculated the beam coupling efficiencies (8) and (22)
from the simulated electric field distribution on each mirror,
where for the integrand in the numerator we used the inner
product of the electric field vectors. Including them, all the
factors in the factorization of the antenna efficiency, (26) and
(27), are listed in Table IV. The reception spillover efficiencies
are derived from the power accepted by the primary mirror at
normal incidence and the power reflected by the corresponding
mirror, which are obtained with the PO simulation in the
receiving mode, while the transmission spillover efficiencies
are adopted from Table III.
We can calculate the antenna efficiency for each case using
the values in Table IV, and compare it with the fiducial value
in Table III. This comparison is done in Table V, where the
products using the left-half and right-half columns of Table IV
are denoted by ηant;1 and ηant;2, respectively. Results of the
illumination efficiencies are also shown in similar way, which
are calculated using (28) and (29) with the ηsp,1←2 values in
Table III in addition to the values in Table IV. Both the antenna
efficiency and the illumination efficiency obtained from the
beam coupling efficiency agree well with the fiducial values
for all cases (better than 0.1%).
The factors in Table IV allow us to evaluate some effects on
the illumination efficiency. The reception spillover efficiency
at the primary mirror ηsp,1→1′ are unity or cos 1◦. Almost all
the beam coupling efficiency ηbcp,1 and ηbcp,2 are close to the
taper efficiency given by (31). Exceptionally, ηbcp,1 of Model
3 have completely different values from ηtap in (31) since
they include the effect of under-illumination. The reception
spillover efficiencies at the secondary mirror ηsp,1→2 of Mod-
els 1 and 2 decrease by several percents because of diffraction
though geometrical optics predicts unity. On the other hand,
the ηsp,1→2 values of Model 3 are significantly lower because
the energy entering A1 is spilled out at A2 which truncates
Fig. 4. Multibeam Cassegrain telescope whose secondary mirror works as
a stop: (a) schematic view and (b) beam propagation. Rays at the beam edge
are shown (thin lines). A ray spilled by the secondary mirror (entrance pupil)
is also shown (arrows with thick lines).
the entering beam as the stop. In short, the reception spillover
efficiency at the secondary mirror corresponds to the degree
of under-illumination of the primary mirror by the feed beam.
V. DISCUSSION
A. Reception spillover efficiency
We found that the antenna efficiency of the aperture type
can be factorized at an aperture into three factors: the beam
coupling efficiency, the transmission spillover efficiency, and
the reception spillover efficiency. The reception spillover has
not been pointed out explicitly in previous works as far as
we know. This is probably because the reception spillover
efficiency of a single-beam radio telescope can reach almost
unity by setting the size of the reflectors to fit the sole beam,
and can be negligible as a factor of the antenna efficiency.
Further, one can design a multibeam radio telescope free from
reception spillover except for the beam inclination effect when
it has only one aperture, or more generally when its entrance
pupil is located at its first optical element. Otherwise, the
reception spillover should be taken into account.
The reception spillover at the entrance pupil can be inter-
preted geometrically. Figure 4 shows a schematic view of a
multibeam Cassegrain telescope. Beam edges are drawn as
straight lines according to geometrical optics. In this example,
the secondary mirror as a stop defines the edge of every beam
from the sky to the focal plane. The exit pupil is the secondary
mirror itself, and the entrance pupil is its image made by
the primary mirror. Thus, there exist the rays that reflect at
the primary mirror but do not hit the secondary mirror. The
reception spillover efficiency at the entrance pupil indicates
how much the energy entering the system can pass through
all the optical components in the system.
B. Application to multibeam telescope design
The beam coupling efficiency and the transmission and
reception spillover efficiencies can be utilized in design of
multibeam radio telescopes. Though the beam coupling effi-
ciency can be calculated at any aperture in the system, the
best position for this purpose is at a pupil. This is because
all the beams illuminate the same region in a pupil plane
and a pupil is fully illuminated by definition. In addition,
the amplitude distributions of the beam field on the pupils
6TABLE III
ANTENNA PROPERTIES OF MODEL TELESCOPES
ηsp,2←tx ηsp,1←2 ηrad Dpk ηill Aeff ηant
Case [dBi] [mm2]
1) Single beam 0.95289 0.98714 0.94064 58.294 0.80685 53647 0.75895
2-1) Pupil at primary, on axis 0.98758 0.95710 0.94521 58.604 0.86241 57620 0.81515
2-2) Pupil at primary, off axis 0.98007 0.96487 0.94564 58.490 0.83976 56123 0.79410
3-1) Pupil at secondary, on axis 0.95171 0.99551 0.94743 56.369 0.51433 34444 0.48729
3-2) Pupil at secondary, off axis 0.95133 0.99208 0.94379 56.265 0.50411 33625 0.47577
TABLE IV
EFFICIENCIES OF RECEPTION SPILLOVER, BEAM COUPLING, AND TRANSMISSION SPILLOVER
Primary mirror Secondary mirror
Case ηsp,1→1′ ηbcp,1 ηsp,1←tx ηsp,1→2 ηbcp,2 ηsp,2←tx
1 1.00000 0.80688 0.94064 0.93132 0.85420 0.95289
2-1 1.00000 0.86243 0.94521 0.97930 0.84335 0.98758
2-2 0.99985 0.83977 0.94564 0.96952 0.83544 0.98007
3-1 1.00000 0.51440 0.94743 0.64103 0.79850 0.95171
3-2 0.99985 0.50379 0.94379 0.60504 0.82627 0.95133
TABLE V
COMPARISON OF ANTENNA EFFICIENCIES AND ILLUMINATION EFFICIENCIES
Primary mirror Secondary mirror
Case ηant;1 ηill;1 ηant;1 − ηant ηill;1 − ηill ηant;2 ηill;2 ηant;2 − ηant ηill;2 − ηill
1 0.75898 0.80688 +2.6× 10−5 +2.3× 10−5 0.75806 0.80590 −9.0× 10−4 −9.5× 10−4
2-1 0.81517 0.86243 +2.3× 10−5 +2.5× 10−5 0.81563 0.86291 +4.8× 10−5 +5.1× 10−4
2-2 0.79400 0.83965 −1.0× 10−4 −1.1× 10−4 0.79383 0.83947 −2.7× 10−4 −2.9× 10−4
3-1 0.48736 0.51440 +7.0× 10−5 +7.4× 10−5 0.48714 0.51417 −1.5× 10−4 −1.5× 10−4
3-2 0.47540 0.50371 −3.7× 10−4 −4.0× 10−4 0.47559 0.50391 −1.8× 10−4 −2.0× 10−4
are similar to each other [22], which means that the powers
passing through the pupils are equal. Thus, as a result of the
beam coupling theorem, all the beam coupling efficiencies
on the pupils become the same, which we write as ηbcp,pup.
We can choose one of the pupils to calculate ηbcp,pup. The
reception spillover efficiency from the first aperture to a pupil
and the transmission spillover efficiency from the feed to a
pupil are also invariant on the pupils. The former can be
calculated most easily at the entrance pupil and the latter at
the exit pupil, written as ηsp,ent and ηsp,ext, respectively. Now
we can write the factorization of the antenna efficiency at the
pupils as follows:
ηant = ηsp,ent · ηbcp,pup · ηsp,ext. (32)
The three factors in (32) can be obtained with PO simu-
lations in the transmitting and receiving modes as shown in
Sect. IV. Here let us consider a simple way to calculate them
for a system with circular apertures with some approximation.
When a telescope has no aberrations and a fundamental-mode
Gaussian beam is employed as a feed, ηbcp,pup and ηsp,ext are
given by the conventional formula of the taper efficiency and
the spillover efficiency, respectively. If the diffraction from the
first element to the entrance pupil is negligible, ηsp,ent given
by geometrical optics is the ratio of the areas of the telescope
aperture and the entrance pupil. This simplification provides
a way of approximately estimating the three factors with the
edge taper as a parameter.
This method is applied to the cases of Models 2 and 3 in
Sect. IV, and the obtained values are shown in Table VI. For
the normal incident cases, the entrance pupil spillover effi-
ciencies are (300/300)2 (Model 2) and (230.5/300)2 (Model
3). For the obliquely incident cases, they are obtained by
multiplying cos 1◦ by the ηsp,ent values of the normal incident
cases. The exit pupil spillover efficiencies and beam coupling
efficiencies have the values in (30) and (31), respectively. The
product of the three factors, ηant;pup, are compared with the
fiducial values in Table III. Table VI implies that this coarse
calculation can provide estimation with an accuracy of 1%,
which is sufficient in designing a radio telescope in most
cases. There are some potential causes of this discrepancy,
e.g., diffraction, aberrations, and polarization, although this
topic is beyond the scope of this paper.
VI. CONCLUSION
We presented a factorization of antenna efficiency of an
aperture type antenna into three factors: the reception spillover
efficiency, the beam coupling efficiency, and the transmission
spillover efficiency. The factorization is found by introducing
the reception spillover efficiency, and verified by the PO simu-
lations. The radiation efficiency is regarded as the transmission
spillover efficiency from the feed to the first aperture if there
is no loss in the optical elements. The antenna illumination
efficiency is regarded as the product of the reception spillover
efficiency and the beam coupling efficiency at the first aper-
ture. The new factorization in this work provides not only
a way to calculate the aperture illumination efficiency and
the antenna efficiency from the electric fields on any optical
component instead of the antenna gain or directivity but also a
way to quantify the degree to which under-illumination occurs
7TABLE VI
ESTIMATED ENTRANCE PUPIL SPILLOVER AND ANTENNA EFFICIENCIES FROM THE DESIGNING PARAMETERS AT PUPIL
Case ηsp,ent ηant;pup ηant;pup − ηant
2-1) Pupil at primary, on axis 1.00000 0.80495 −0.01020
2-2) Pupil at primary, off axis 0.99985 0.80483 +0.01073
3-1) Pupil at secondary, on axis 0.59034 0.47519 −0.01210
3-2) Pupil at secondary, off axis 0.59025 0.47512 −0.00065
Fig. 5. Beam propagation between two apertures in a beam waveguide: (a)
from A1 to A2, (b) from A2 to A1. There can be phase modifiers between
the two apertures.
at the first aperture. In design of multibeam radio telescopes,
the best position to calculate the beam coupling efficiency is
one of the pupils rather than the first aperture.
APPENDIX
In this appendix a theorem on beam coupling in lossless
beam waveguides is presented; the equation (24) is an im-
mediate consequence of this theorem. We consider here a
beam transfer in a general beam waveguide between any two
apertures perpendicular to the beam axis, namely A1 and A2
included in planes P1 and P2, respectively. There are two states
of one-way propagation as shown in Fig. 5. In the state of
propagation from A1 to A2, A1 is illuminated by a source
on the left and a complex electric field distribution u→,1 is
excited. This becomes the input to the region between the two
aperture planes. It propagates from A1 to A2, resulting in the
distribution on A2, u→,2. In the state of propagation from A2
to A1, a field distribution u←,2 on A2 excited by a source on
the right generates a beam field whose distribution on A1 is
u←,1. In this system under a certain condition, the following
equation holds:∫
A1
u→,1(p)u←,1(p)d2p =
∫
A2
u→,2(p)u←,2(p)d2p. (33)
In what follows the condition of the theorem is described.
Since the resultant field can be determined by the input field,
we can write
u→,2 = P1→2(u→,1), and u←,1 = P1←2(u←,2) (34)
where P1→2 and P1←2 are operators that converts the input
field on one aperture to the resultant field on the other. Let
us introduce a notation representing a surface integral of two
beam fields v and w:
〈v, w〉1 :=
∫
P1
v(p)w∗(p)d2p,
〈v, w〉2 :=
∫
P2
v(p)w∗(p)d2p.
(35)
We consider only beams with a finite power passing through a
finite aperture, and thus the integrals have a finite value. Two
properties of the propagation operators P1→2 and P1←2 are
considered: the energy conservation
〈v, w〉1 = 〈P1→2(v),P1→2(w)〉2 (36)
and the time reversal symmetry
P1→2(v∗) = P−11←2(v)∗ (37)
for any beam field v and w. If the propagation operators P1→2
and P1←2 which satisfies (36) and (37) relates the input fields
u→,1 and u←,2 and the resultant fields u→,2 and u←,1 by (34),
then
〈u→,1, u∗←,1〉1 = 〈u→,2, u∗←,2〉2. (38)
This equation is equivalent to (33).
Here is the proof of (38).
〈u→,1, u∗←,1〉1 = 〈P1→2(u→,1),P1→2(u∗←,1)〉2
= 〈u→,2,P1→2(u∗←,1)〉2
= 〈u→,2,P−11←2(u←,1)∗〉2
= 〈u→,2, u∗←,2〉2,
where the first equality follows from (36), the second from the
first equation of (34), the third from (37), and the last from
the second equation of (34).
Now let us confirm that the propagation through a loss-
less beam waveguide satisfies the condition (36) and (37).
The propagation through a lossless beam waveguide can be
decomposed into two kinds of operation: beam propagation in
a uniform media or vacuum from a plane to another plane and
modification of beam phase.
Beam propagation is governed by the Helmholtz equation
and can be described by the Rayleigh-Sommerfeld diffraction,
the Fresnel diffraction, or the Fraunhofer diffraction, according
to the approximation used [23]. In any case, the energy
conservation and the time reversal symmetry holds.
Beam phase modification is implemented by lens or curved
mirrors. In this case, the apertures A1 and A2 are taken at just
before and after the element which modifies the beam phase.
The effect of the element can be expressed using a function
m(p) as
u→,2(p) = m(p)u→,1(p) and u←,1(p) = m(p)u←,2(p), (39)
where |m(p)|2 = 1. Then, the operators representing
the phase modification by the element M1→2 and M1←2
are (M1→2(v))(p) = m(p)v(p) and (M1←2(w))(p) =
8m(p)w(p), respectively. We can prove the energy conservation
of M1→2 as follows.
〈M1→2(v),M1→2(w)〉2 =
∫
P2
m(p)∗v(p)∗m(p)w(p)d2p
=
∫
P1
v(p)∗w(p)d2p
= 〈v, w〉1.
The time reversal symmetry of M1→2 and M1←2 can be
shown as follows.
(M1→2(w))(p)∗ = m(p)∗w(p)∗
= w(p)∗/m(p)
= (M−11←2(w∗))(p).
Therefore both the kinds of operators satisfy the condition
(36) and (37). We can easily see that when two operators
satisfy the condition, then their composition also satisfies the
condition. This completes the proof of the theorem.
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